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Abstract. We present a pair of open smooth four-manifolds that are
mutually homeomorphic. One of them admits a Riemannian metric that
possesses quasi-cylindricity, and positivity of scalar curvature and of di-
mension of certain L2 harmonic forms. By contrast, for the other mani-
fold, no Riemannian metric can simultaneously satisfy these properties.
Our method uses Seiberg-Witten theory on compact four-manifolds and
applies L2 harmonic theory on non-compact, complete Riemannian four-
manifolds. We introduce a new argument to apply gauge theory, which
arises from a discovery of some asymptotic property of the range of the
differential.
1. Introduction
It is a basic question to ask how a smooth structure influences a global
Riemannian structure on a smooth manifold X. The de Rham cohomology
group is given a priori by using a smooth structure on X, and is actually
a topological invariant. If we set a Riemannian metric g on X, where X is
compact, then each element admits a harmonic representative,
If X is non-compact, we obtain (un-)reduced L2 cohomology groups by
using g. In contrast to the compact case, these cohomology groups depend
on the choice of complete Riemannian metrics. In particular they depend
on the choice of smooth structures on X. It is well known that the reduced
L2 cohomology group of (X, g) is isomorphic to the space of L2 harmonic
forms. So it would be interesting to ask how a particular choice of smooth
structure on X influences on the structure of L2 harmonic forms on X.
Let us say that a closed differential form u ∈ Ω∗(X) is Lp exact at infinity,
if there is a compact subset K ⊂ X and a differential form α ∈ Ω∗−1(X\K)
such that it is exact
u|X\K = dα
outside K, with finite Lp norm ||α||Lp(X\K) <∞.
It has been verified that the case p = ∞ has a deep connection to the
Singer conjecture [G].
Let (X, g) be a complete Riemannian manifold, and take exhaustion K1 b
K2 b · · · b X by compact subsets, where K b L implies that the interior L˚
contains K. Let us say that the family {Ki}i is isometric-pasting, if there
is  > 0 and diffeomorphisms
φi : Ki ∼= Ki+1
such that the restrictions
φi : N(∂Ki) ∼= N(∂Ki+1)
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2 TSUYOSHI KATO
are isometric, where N(∂Ki) ⊂ Ki is an  neighbourhood.
Definition 1.1. (X, g) is quasi-cylindrical, if it admits an isometric-pasting
family.
The following property immediately follows.
Lemma 1.2. A Riemannian manifold with cylindrical end is quasi-cylindrical.
Proof. X is isometric to a cylindrical manifold of the form X0 ∪M × [0,∞).
Then, we set Ki := X0 ∪M × [0, i + ] with N(∂Ki) = M × [i, i + ] for
i ≥ 1. Let fi : [0, i+ ]→ [0, i+ 1 + ] be a diffeomorphism with fi(t) = t for
t ∈ [0, 12 ] and fi(t) = t + 1 for t ∈ [i, i + ]. Then fi extends to the desired
diffeomorphism φi : Ki ∼= Ki+1. q.e.d.
Scalar curvature is another basic invariant of complete Riemannian man-
ifolds (X, g). In particular, in a non-compact case, uniform positivity of
the invariant allows us to construct a Fredholm theory of Dirac operators
and apply it to study the topology of manifolds [GL2]. Note that there is a
difference between the existence of positive and non negative scalar curva-
tures. For example any torus can admit non-negative (actually flat) scalar
curvature, but cannot admit any metric of positive scalar curvature. In this
paper, we treat an intermediate class that consists of complete Riemann-
ian manifolds with a positive scalar curvature that are not assumed to be
uniform. In our non-uniform case, we cannot expect to obtain a Fredholm
theory as above.
Let us use (∗) to denote if (X, g) satisfies the following conditions:
(∗)
{
· (X, g) is quasi-cylindrical and has positive scalar curvature,
· dim H+e (X, g) > 0 is positive
where H+e (X, g) is the space of self-dual L2 harmonic forms that are L2
exact at infinity.
In this paper we present a pair of smooth four-dimensional open manifolds
which satisfies the following characteristics.
Theorem 1.3. There is a pair of oriented smooth 4-dimensional open man-
ifolds X and X ′ with the following properties:
(1) X and X ′ are mutually homeomorphic.
(2) X ′ admits a complete Riemannian metric with (∗).
(3) X cannot admit any complete Riemannian metric with (∗).
Our proof is based on a new approach to Seiberg-Witten theory by using
the theory of L2 harmonic forms over complete Riemannian 4-manifolds.
Among three conditions (∗) as defined above, both quasi-cylindricity and
positivity of scalar curvature are used to conclude that a SW solution at the
limit of metric deformation on X consists of a zero spinor section. It can
convert non-linear to linear analysis in Seiberg-Witten theory, and allows us
to apply L2 harmonic theory to study the structure of complete Riemannain
manifolds.
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Remark 1.4. Quasi-cylindricity is a differential-topological condition, and it
is not known whether X above may already exclude such structure. Note
that quasi-cylindricity condition on X does not involve smooth embedding
X ⊂ M . On the other hand in our case in Theorem 1.3, there is a smooth
embedding X ⊂M into a compact four-manifold. Quasi-cylindricity is used
to guarantee two metric properties that scalar curvatures satisfy a uniformly
lower bound from below and that volumes of compact subset M\X are
uniformly bounded from above, during metric deformation. Actually we
can replace the condition of quasi-cylindricity by the conclusions of metric
properties in Lemma 5.1, if we focus on an open 4-manifold with a smooth
embedding X ⊂M into a compact smooth 4-manifolds.
We believe that our method could still work without the above two condi-
tions. We conjecture that Theorem 1.3 can still hold (by the same example
X and X ′ above), if we replace the condition (∗) by
(∗′) dim H+e (X, g) > 0 is positive.
To follow a parallel argument without such conditions, one will has to con-
struct Seiberg-Witten moduli theory over X. So far gauge theory over end-
periodic manifolds has been extensively developed [T]. Our main result has
been known under the stronger assumption of end-periodic metrics. By con-
trast, it is not easy to construct moduli theory for any wider classes of open
Riemannian four-manifolds such as the quasi-cylindrical case. In such sit-
uations, the de Rham differentials do not have closed range in general and
so the standard Fredholm property breaks. To overcome this difficulty, we
introduce a new functional analytic framework in Section 6. Its analysis is
currently in progress.
Our main analytic tool is given by the following Proposition. Let (X, g)
be an oriented complete Riemannian four-manifold, and take exhaustion
K1 b K2 b · · · b X by compact subsets.
We say that an element u ∈ L2(X; Λ∗) is an L2harmonic form, if it
satisfies the equations du = d∗u = 0. In Proposition 2.9, we verify the
following property.
Proposition 1.5. Suppose a non-zero L2 harmonic self-dual 2 form 0 6=
u ∈ H+e (X;R) exists, which is L2 exact at infinity.
Then there is no family ai ∈ Ω1(Ki) such that
(1) convergence
d+(ai)→ u
holds in L2 on each compact subset, and
(2) uniform bound
||d(ai)||L2(Ki) ≤ C <∞
holds.
Let us consider a basic case where (X, g) is a Riemannian four-manifold
with cylindrical end so that there is an isometry as end X ∼= [0,∞) ×M ,
where M is a compact oriented Riemannian three-manifold. The following
Lemma is well known (see Proposition 2.13).
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Lemma 1.6. Assume that M is a rational homology sphere. Then the
following spaces are all isomorphic:
• The unreduced self-dual L2 cohomology group.
• The reduced self-dual L2 cohomology group.
• The space of self-dual L2 harmonic forms.
• The self-dual de Rham cohomology group.
Our example of the pair (X,X ′) in Theorem 1.3 satisfies the following
properties.
• Both X and X ′ can be smoothly embedded into a compact smooth
four manifold S := S2 × S2 ] S2 × S2 ] S2 × S2.
• X ′ is given by the complement of one point X ′ := S\pt.
• There is a closed set that is homeomorphic to the four-dimensional
closed disc D with X := S\D.
Let us equip a cylindrical metric g′ on X ′ above, and verify that (X ′, g′)
satisfies the required properties in Theorem 1.3.
Lemma 1.7. [GL1] Let N,N ′ be compact manifolds of dimension n ≥ 3.
Assume they admit metrics of positive scalar curvature. Then,
(1) their connected sum N]N ′ also admits a metric of positive scalar
curvature, and
(2) N\pt also admits a cylindrical metric of positive scalar curvature.
Proof. See [GL1] page 425− 429. q.e.d.
S2 × S2 admits a metric of positive scalar curvature. Hence S = S2 ×
S2]S2 × S2]S2 × S2 also admits a metric of positive scalar curvature by
Lemma 1.7 (1). Then X ′ := S\pt admits a cylindrical metric g′ of positive
scalar curvature by Lemma 1.7 (2).
Since the self-dual de Rham cohomology group on S is non-zero, the
self-dual L2 cohomology group on X ′ is also non zero by Lemma 1.6. It
follows from Proposition 2.13 that any self-dual L2 harmonic form on a
cylindrical four-manifold is L2 exact at infinity, if the cross section is a
rational homology sphere. Thus with Lemma 1.2, we have verified that
(X ′, g′) posseses the required properties in Theorem 1.3.
Let us roughly describe our strategy for the rest of the proof of Theorem
1.3. It is well known that the Seiberg-Witten invariant is invariant under
any choice of generic Riemannian metrics. In particular, a solution exists
for any metric, if the invariant is non-zero. Let M be the K3 surface. It
satisfies two remarkable properties:
(1) It admits a spin structure and the SW invariant is non-zero with
respect to the spin structure (see [M]).
(2) M contains an open subset X ⊂ M that is diffeomorphic to S\D as
above (see [FU]).
The second property arises from a very different aspect from the former
one, which is Casson-Freedman theory [Fr].
Our argument uses a family of Riemannian metrics on M that converges
to a complete Riemannian metric g on X on each compact subset. There is
a family of perturbed SW solutions with respect to these metrics, and we
study the asymptotic behaviour of this family of solutions. We apply the
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following idea. Let us choose exhaustion K0 b K1 b · · · b X by compact
subsets with a family of Riemannian metrics hi on M with hi|Ki = g|Ki.
Since the SW invariant is non zero, there are solutions to the perturbed
SW equation with respect to hi. Passing through a limiting procedure,
one should be able to obtain a solution to the perturbed SW equation over
(X, g). However L2 harmonic theory excludes such a situation.
Because our argument is quite general, we can obtain more examples
which satisfy the conclusion of Theorem 1.3 for any simply connected spin
four manifold M with a non-zero Seiberg-Witten invariant with respect to
the spin structure.
The prototype of the argument of such a limiting process was given for the
class of manifolds with cylindrical end. In particular, one can verify a fact
that a K3 surface does not admit smoothly connected-sum decomposition
in which one side corresponds to the sum of the E8 term [DK]. This result is
based on the construction of moduli theory over cylindrical four-manifolds.
If one tries to apply the same argument for more general classes of open
Riemannian four manifolds, a striking difficulty appears that at limit, the
solution is generally far from L2. This essentially comes from the fact that
the L2 de Rham differential does not have closed range in general. Actually
so far some metric properties have been found on X to exclude any cylin-
drical metrics as above. However, as far as we know, our result is first for
a metric property in a situation where even linear Fredholm theory cannot
be applied.
2. L2 harmonic forms
Let (X, g) be a complete Riemannian four manifold.
2.1. De Rham differential. We start by observing the following basic
property. For simplicity of the argument, we assume that end X is home-
omorphic to [0,∞) × S3. Let H∗c (X;R) be the de Rham cohomology with
compact support. We also use the notation Ω∗(X) := C∞(X; Λ∗). If X0 is a
manifold with boundary, then Ωpc(X0) is the space of compactly supported
smooth p-forms that vanish on the boundary.
Lemma 2.1. Suppose that an element [u] ∈ H2c (X;R) satisfies positivity∫
X u∧u > 0. Then there are no families al ∈ Ω1(X) such that convergence
d(al)→ u
holds in C∞ on each compact subset.
Proof. Consider an embedded Riemann surface Σ ⊂ X which represents a
Poincare´ dual class to u (see [BoT],page44). Suppose such a family {al}l
could exist. Then by Stokes’ theorem, the convergence
0 <
∫
X
u ∧ u =
∫
Σ
u
=
∫
Σ
(u− d(al)) +
∫
Σ
d(al) =
∫
Σ
(u− d(al))→ 0
must hold, which cannot happen. q.e.d.
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Let
d+ : L21(X; Λ
1)→ L2(X; Λ+)
be the composition of the differential with the projection of two forms to
the self-dual part. We refer to this as the self-dual differential. The above
argument heavily depends on the Stokes theorem, and it cannot be directly
applied to the self-dual differential in general. However, a parallel argument
can still work for a certain L2 harmonic form.
An element u ∈ L2(X; Λ+) is called an L2harmonic self-dual 2 form, if it
satisfies the equations
du = d∗u = 0.
One can obtain L2 harmonic self-dual 2-forms in the following way.
Lemma 2.2. Let k ≥ 1. Suppose d+ : L2k(X; Λ1)→ L2k−1(X; Λ+) has closed
range. Then, any element in the co-kernel space can be represented by an
L2 harmonic self-dual 2-form.
Note that d+ does not always have closed range if (X, g) is non-compact.
Definition 2.3. (1) The reduced L2 cohomology group is given by
H+(X, g) := L2(X; Λ+)/d+(L21(X; Λ
1))
where ¯ is the closure.
(2) We denote by H+(X, g) the space of L2 harmonic self-dual 2 forms.
Lemma 2.4. H+(X, g) is identified with the space of L2 harmonic self-dual
2-forms.
Proof. This is well known, but we will give a proof for convenience. Take
an element w ∈ L2(X; Λ+) which is orthogonal to d+(L21(X; Λ1)). Then,
< w, d+(u) >L2= 0
holds for any u ∈ L21(X; Λ1). By contrast, the equality
< w, d+(u) >L2 = < w, d(u) >L2
holds because Λ+ is orthogonal to Λ−. Thus, the equality d∗(w) = 0 holds.
However, since w is a self-dual 2-form, we have the equality
0 = |d∗(w)| = | ∗ d ∗ w| = | ∗ dw|.
Hence, dw = 0 also holds. q.e.d.
2.2. Asymptotics of the differential image. Let us introduce a method
of cut-off function, whose idea has appeared in [G]. The author is thankful
to M. Furuta for discussion on how to use a family of a cut-off functions,
instead of boundary integrals.
Let Ki b Ki+1 b · · · b X be exhaustion by compact subsets, and take
cut-off functions
χi : X → [0, 1]
with χi|Ki−1 ≡ 1 and χi|(Ki)c ≡ 0 such that
lim
i→∞
||dχi||L∞(X) = 0
holds. Such a family of cut-off functions exists when (X, g) is non-compact
and complete.
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Lemma 2.5. Suppose a non-zero L2 harmonic self-dual 2-form
0 6= u ∈ H+(X;R)
exists. Then, there is no sequence ai ∈ Ω1(Ki) with uniform bound
||ai||L21(Ki) ≤ c <∞
such that convergence
d+(al)→ u = u+
holds in L2 norm on each compact subset.
Remark 2.6. One can replace ai ∈ Ω1(Ki) by ai ∈ Ω1c(X) by using suitable
cut-off functions, and the same conclusion holds under the same conditions.
This is also the case in Proposition 2.9 and Lemma 2.11.
Proof. Step 1: Suppose the sequence could exist. For any δ > 0, there is a
compact subset K ⊂ X such that ||u||L2(Ki\K) ≤ ||u||L2(X\K) < δ hold for
all large i.
By contrast, there is i0 such that for any i ≥ i0,
||u− d+ai||L2(K) < δ
also holds. Then, the following equalities hold:∫
Ki
u ∧ d+ai =
∫
K
u ∧ d+ai +
∫
Ki\K
u ∧ d+ai
=
∫
K
u ∧ (d+ai − u) +
∫
K
u ∧ u+
∫
Ki\K
u ∧ d+ai
=
∫
K
u ∧ (d+ai − u) + ||u||2L2(K) +
∫
Ki\K
u ∧ d+ai.
By the Cauchy-Schwartz inequality, both the estimates
|
∫
K
u ∧ (d+ai − u)| ≤ δ||u||L2(K),
|
∫
Ki\K
u ∧ d+ai| ≤ δ||d+(ai)||L2(Ki\K)
hold. Hence the following statement holds: for any δ > 0, there is i0 and a
compact subset K ⊂ X such that for all i ≥ i0, the estimates
|
∫
K
u ∧ d+ai − ||u||2L2(X) | < δ,
|
∫
Ki\K
u ∧ d+ai| < δ
hold. Hence uniform positivity holds:∫
Ki
u ∧ d+ai > ||u||2L2(K) − 2δ > 0.
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Step 2: One may assume K ⊂ Ki−1 by choosing large i. Then consider
the equalities∫
Ki
u ∧ d+ai =
∫
Ki
u ∧ dai =
∫
Ki
u ∧ d(χiai) +
∫
Ki
u ∧ d(1− χi)ai
=
∫
Ki
d(u ∧ χiai) +
∫
Ki\Ki−1
u ∧ d(1− χi)ai
=
∫
Ki\Ki−1
u ∧ d(1− χi)ai.
Then the estimates hold:
|
∫
Ki\Ki−1
u ∧ d(1− χi)ai| ≤ ||u||L2(Ki\Ki−1)||ai||L21(Ki\Ki−1)
≤ c||u||L2(Ki\Ki−1).
The right-hand side can be arbitrarily small as u ∈ L2(X; Λ+). This con-
tradicts to Step 1. q.e.d.
Remark 2.7. The condition on ai is too strong for our later purpose, and in
proposition 2.9 below, we use a weaker condition on ai assuming a stronger
one on u.
Lemma 2.8. Suppose an L2 harmonic self-dual 2-form u ∈ H+(X;R) ex-
ists, which is exact at infinity so that u = dα holds on the complement of a
compact subset K ⊂ X for some α ∈ Ω1(X\K).
Then any a ∈ Ω1c(X\K) satisfies vanishing∫
X
u ∧ d+a = 0.
Proof. We have the equality∫
X
u ∧ d+a =
∫
X
u ∧ da
since u is self-dual. By the assumption,
u|X\K = dα
holds for some α ∈ Ω1(X\K). Then,∫
X
u ∧ da =
∫
X\K
dα ∧ da.
Choose a compactly supported cut-off function ϕ : X → [0, 1] with
ϕ|K ≡ 0, ϕ| supp a ≡ 1.
Then, we have the equalities∫
X\K
dα ∧ da =
∫
X\K
d(ϕα) ∧ da =
∫
X
d(ϕα) ∧ da =
∫
X
d(ϕα ∧ a) = 0.
These equalities are combined to obtain the conclusion. q.e.d.
The following proposition requires no uniform bound on the values of the
L2 norm of ai.
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Proposition 2.9. Suppose a non-zero L2 harmonic self-dual 2-form 0 6=
u ∈ H+e (X;R) exists, which is L2 exact at infinity.
Then there is no sequence ai ∈ Ω1(Ki) such that
(1) convergence
d+(ai)→ u
holds in L2 norm on each compact subset, and
(2) uniform bound
||d(ai)||L2(Ki) ≤ C <∞
holds.
Proof. Step 1: Suppose such a sequence could exist. Let us fix i0 and
choose arbitrarily small δ > 0. Then we obtain the estimates∫
Ki0
u ∧ d+(ai) ≥ ||u||2L2(Ki0 ) +
∫
Ki0
u ∧ (d+(ai)− u)
≥ ||u||2L2(Ki0 ) − ||u||L2(Ki0 )||d
+(ai)− u||L2(Ki0 )
≥ ||u||2L2(Ki0 ) − δ > 0.
if i > i0 is sufficiently large.
Step 2: Since the estimates
|
∫
Ki\Ki0
χiu ∧ d+ai| ≤ ||χiu||L2(Ki\Ki0 )||d
+ai||L2(Ki\Ki0 )
< δ||d+ai||L2(Ki\Ki0 ) ≤ Cδ
hold, we obtain positivity∫
Ki
χiu∧d+ai =
∫
Ki0
u∧d+ai+
∫
Ki\Ki0
χiu∧d+ai >
∫
Ki0
u∧d+ai−Cδ > 0
by Step 1.
On the other hand consider the equalities∫
Ki
χiu ∧ d+ai =
∫
X
χiu ∧ dai =
∫
X
d(χiu ∧ ai)−
∫
X
dχi ∧ u ∧ ai
= −
∫
Supp dχi
dχi ∧ u ∧ ai = −
∫
Supp dχi
dχi ∧ dα ∧ ai
=
∫
Supp dχi
d(dχi ∧ α ∧ ai)−
∫
Supp dχi
dχi ∧ α ∧ dai
= −
∫
Supp dχi
dχi ∧ α ∧ dai
by Stokes’ theorem. Then, we have the estimates
|
∫
supp dχi
dχi ∧ α ∧ dai| ≤ ||dχi||L∞(X)||α||L2(supp dχi)||dai||L2(supp dχi)
which is arbitrarily small for large i. This is a contradiction. q.e.d.
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Corollary 2.10. Suppose a non-zero L2 harmonic self-dual 2 form 0 6=
u ∈ H+e (X;R) exists, which is L2 exact at infinity with u = dα outside of
K b X.
Then there exists a compactly supported 2-form v ∈ Ω2c(X) such that the
following property holds. There is no sequence ai ∈ Ω1(Ki) such that
(1) convergence
d+(ai)→ v+
holds in L2 norm on each compact subset, where v+ is the projection to the
self-dual part of v, and
(2) uniform bound
||d(ai)||L2(Ki) ≤ C <∞
holds.
Proof. Let χ ∈ C∞(X) be a cut-off function which is 1 near infinity and
vanishes on K. Then α′ := χ · α ∈ L2(X; Λ1) ∩ Ω1(X) satisfies dα′ ≡ u on
a complement of a compact subset.
Then we can conclude that there is no family a′i ∈ Ω1(Ki) with uniformly
bounded norms ||da′i||L2(Ki) ≤ C such that convergence
d+(a′i)→ v+ := pr+(u− dα′) = u− d+α′
holds in L2 norm on each compact subset, where pr+ is the projection to
the self-dual part. If it did exist, then
ai := a
′
i + α
′
would satisfy the conditions (1) and (2) in Proposition 2.9. q.e.d.
The following lemma is a variation of Proposition 2.9.
Lemma 2.11. Suppose a non-zero L2 harmonic self-dual 2-form 0 6= u ∈
H+(X;R) exists, which is also in L1 and is L1 exact at infinity.
Then there is no sequence ai ∈ Ω1(Ki) such that
(1) uniform bound ||d(ai)||L∞(Ki) ≤ C <∞ holds, and
(2) convergence d+(ai) → u = u+ holds in L2 norm on each compact
subset.
Proof. The argument is parallel to Proposition 2.9. Suppose such a sequence
could exist. Let us fix i0 and choose arbitrarily small δ > 0. We obtain the
estimates ∫
Ki0
u ∧ d+(ai) ≥ ||u||2L2(Ki0 ) +
∫
Ki0
u ∧ (d+(ai)− u)
≥ ||u||2L2(Ki0 ) − δ > 0
by the same argument as above.
We follow a similar argument to Step 2 in Proposition 2.9. We may
assume i0 ≤ i− 1. Then, the estimates
|
∫
Ki\Ki0
χiu ∧ d+ai| ≤ ||χiu||L1(Ki\Ki0 )||dai||L∞(Ki\Ki0 )
≤ C||u||L1(Ki\Ki0 ).
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hold, where the right-hand side can be arbitrarily small. Hence we obtain
positivity∫
Ki
χiu∧d+ai =
∫
Ki0
u∧d+ai+
∫
Ki\Ki0
χiu∧d+ai >
∫
Ki0
u∧d+ai−Cδ > 0.
Consider the estimates
|
∫
supp dχi
dχi ∧ α ∧ dai| ≤ ||dχi||L∞(X)||dai||L∞(supp dχi)||α||L1(supp dχi)
where the left-hand side has appeared in the previous paragraph there. It
can be arbitrarily small for large i. This is enough to induce a contradiction.
q.e.d.
2.3. Atiyah-Hitchin-Singer complexes over cylindrical manifolds.
The Atiyah-Hitchin-Singer (AHS) complex is an elliptic differential complex
over a Riemannian four-manifold X
0 −→ L2k+1(X, g) d−→ L2k((X, g); Λ1) d
+−→ L2k−1((X, g); Λ2+) −→ 0
between Sobolev spaces, where d+ is the composition of the differential with
the projection to the self-dual 2-forms. Here k ≥ 1. Note that H0 = 0
always holds when X is non-compact. Recall that an element in the second
reduced L2 cohomology group admits a harmonic representative by Lemma
2.4.
Suppose endX is isometric to the product Y×[0,∞) so that g = g′+dt2 on
the end, where (Y, g′) is a closed Riemannian three-manifold. Such a space
is called as a cylindrical manifold. Using the L2 formal-adjoint operator, we
obtain the elliptic operator
P = d∗ ⊕ d+ : C∞c (Λ1(Y × R))→ C∞c (Λ2+(Y × R)⊕ Λ0(Y × R)).
Let p : Y × R 7→ Y be the projection. Then one can canonically identify
Λ1(Y × R) = p∗Λ1(Y )⊕ p∗Λ0(Y ), Λ2+(Y × R) = p∗Λ1(Y )
which are given by
u+ vdt↔ (u, v), ∗Y u+ u ∧ dt↔ u.
Then
P : C∞c (p
∗Λ1(Y )⊕ p∗Λ0(Y )) 7→ C∞c (p∗Λ1(Y )⊕ p∗Λ0(Y ))
is represented as
P = − d
dt
+
(∗Y d d
d∗ 0
)
≡ − d
dt
+Q
where Q is an elliptic self-adjoint differential operator on L2(Y ; Λ1 ⊕ Λ0).
The following is well known:
Lemma 2.12. Suppose Q is invertible. Then the AHS complex is Fredholm.
Hence by Lemma 2.4, the L2 harmonic self-dual 2 form exists, if H2 has
a positive dimension.
Now consider the case where Q is not necessarily invertible. Let us fix a
small and positive δ > 0. Then, for 0 < µ ≤ δ, we set
τ : Y × [0,∞) 7→ [0,∞), τ(m, t) = µt
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and extend it as a function τ : X → [0,∞) so that it coincides with τ(m, t)
on end X. Then, we define the weighted Sobolev k norm on X by
||u||(L2k)µ = (
∑
l≤k
∫
X
exp(τ)|∇lu|2 ) 12 .
We can denote by (L2k)µ the space of completion of C
∞
c (X) with respect to
the norm, because the isomorphism class of the function space depends only
on µ > 0, rather than τ itself.
Then we have the weighted AHS complex
0 −→ (L2k+1)µ(X) d−→ (L2k)µ(X; Λ1) d
+−→ (L2k−1)µ(X; Λ2+) −→ 0.
Let us introduce the isometries
Iµ : L
2(X; Λ∗) 7→ (L2)µ(X; Λ∗)
by Iµ(u) = exp(− τ2 )u. Let d∗τ be the (L2)µ adjoint operator so that the
equality
< u, d(v) >(L2)µ=< d
∗
τ (u), v >(L2)µ
holds. Then, we set
Pτ = d
∗
τ ⊕ d+ : (L2k+1)µ(X; Λ1)→ (L2k)µ(X; Λ0 ⊕ Λ2+).
Passing through the isometries, a bounded map is obtained:
I−1τ PτIτ : L
2
k+1(X; Λ
1)→ L2k(X; Λ0 ⊕ Λ2+).
Then we have the following expression
I−1τ PτIτ = −
d
dt
+
(∗Y d d
d∗ −dτdt
)
+
1
2
dτ
dt
=: − d
dt
+Qµ
on end X := Y × [0,∞). By a straightforward calculation, the operator
Qµ = Q+
µ
2
: L2k+1(Y ; Λ
1 ⊕ Λ0) ∼= L2k(Y ; Λ1 ⊕ Λ0)
gives an isomorphism for any small µ > 0. By Lemma 2.12, I−1τ PτIτ and,
hence, Pτ are both Fredholm operators.
Let u ∈ (L2k−1)τ (X; Λ+) be an element in the cokernel of d+. Then, u
satisfies the equality
0 = (d+)∗τ (u) = exp(−τ)(d+)∗(exp(τ)u),
and hence (d+)∗(exp(τ)u) = 0 holds.
Note that the de Rham cohomology H2(endX;R) = 0 vanishes on the
end, if and only if M is a rational homology sphere.
Proposition 2.13. [K1] Suppose Y is a rational homology sphere. Then
for any small µ > 0,
exp(τ)u ∈ L2(X; Λ+)
holds for any element u ∈ (L2k−1)τ (X; Λ+) in the orthogonal complement of
the image of d+.
Moreover, it is L2 exact at infinity.
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Proof. For convenience, we give a proof below.
Step 1: Let us take an element u ∈∈ (L2k−1)τ (X; Λ+) which satisfies the
equality (d+)∗τ (u) = 0. Then, (d+)∗(eτu) = ± ∗ d(∗eτu) = ± ∗ d(eτu) = 0
hold.
SinceH2(endX;R) = 0, one can express eτu = dµ for some µ ∈ Ω1(endX).
Let us denote µ = β + fdt, where β does not contain dt component. Then
we have the following equalities
dµ = d3βt + (d3f − β′t) ∧ dt = d3βt + ∗3d3βt ∧ dt
where both d3 and ∗3 are operators on M . The right-hand side form holds
since it is self dual. Let us decompose βt = β
1
t + β
2
t , where β
1
t and β
2
t are
the components of the closed and co-closed forms on Y , respectively. Then
from the last two terms, we obtain the equality d3ft = (β
1
t )
′. In particular,
eτu| endX = dβ2t = d3β2t − (β2t )′ ∧ dt = d3β2t + ∗3d3β2t ∧ dt.
By the decomposition, there is a positive constant C such that the estimate
holds:
||d3β2t ||L2k−1(Y ) ≥ C||β
2
t ||L2k(Y ).
Step 2: We have the following relations
eτu| endX = dµ, ||µt||L2k(Y ) ≤ C||e
τu||L2k−1(Y )
where µ = β2t in Step 1. For every t, µt ∈ Ω1(Y ) is smooth by the elliptic
estimate, since it lies on the orthogonal complement to ker d3. Moreover µ
is smooth on the t-variable, because its differential µ′ by t is also smooth by
the above formula.
Now, ∗3d3 is invertible on (ker d3)⊥ and is self-adjoint with respect to the
L2 inner product. Since µ satisfies the elliptic equation ( ∂∂t + ∗3d3)µ = 0, it
decays exponentially. More precisely there exist constants C > 0 and λ0 > 0
which are both independent of µ such that the estimate
||µ||L2(Yt) ≤ exp(−λ0t) sup{ ||µ||L2(Ys); 0 ≤ s ≤ 2t }
holds. Note that µ can grow at most in the following way:
||µ||L2(Yt) ≤ C exp(tµ)||u||L2(Yt).
Combining these estimates, one can conclude that µ decays exponentially.
q.e.d.
3. Review of Seiberg-Witten theory
Let us quickly review Seiberg-Witten theory over compact four-manifolds.
3.1. Clifford algebras. Let V be a real four dimensional Euclidean space,
and consider the Z2-graded Clifford algebra Cl(V ) = Cl0(V )⊕ Cl1(V ).
Let S be the unique complex four-dimensional irreducible representation
of Cl(V ). The complex involution is defined by
ωC = −e1e2e3e4
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where {ei}i is any orthonormal basis. This decomposes S into its eigen
bundles as S = S+ ⊕ S−, and induces the eigenspace decomposition
Cl0(V )⊗ C ∼= (Cl0(V )⊗ C)+ ⊕ (Cl0(V )⊗ C)−
by left multiplication. It turns out that the following isomorphisms hold:
(Cl0(V )⊗ C)± ∼= EndC(S±).
Passing through the vector space isomorphism Cl0(V ) ∼= ∧0 ⊕ ∧2 ⊕ ∧4, the
former corresponds as
(Cl0(V )⊗ C)+ ∼= C(1 + ωC
2
)⊕ (∧2+(V )⊗ C)
so that the self-dual form corresponds to the trace-free part. Then, for any
vector v ∈ S+, v ⊗ v∗ ∈ End(S+) minus its trace can be regarded as an
element of a self-dual 2-form
σ(v) ≡ v ⊗ v∗ − |v|
2
2
id ∈ ∧2+(V )⊗ iR.
3.2. Seiberg-Witten map over compact four-manifolds. Let M be an
oriented compact Riemannian four-manifold equipped with a spinc structure
L. Let S± and L be the spinor bundles and the determinant bundle respec-
tively.
Let A0 be a smooth U(1) connection on L. With a Riemannian metric
on M , A0 induces a spin
c connection and the associated Dirac operator DA0
on S±. Fix a large k ≥ 2, and consider the configuration space
D = {(A0 + a, ψ) : a ∈ L2k(M ; Λ1 ⊗ iR), ψ ∈ L2k(M ;S+)}.
Then we have the Seiberg-Witten map
SW : D→ L2k−1(M ;S− ⊕ Λ2+ ⊗ iR),
(A0 + a, ψ)→ (DA0+a(ψ), F+A0+a − σ(ψ)).
Note that the space of connections is independent of choice of A0 as long as
M is compact.
Let ∗ ∈ M be any fixed point, and G∗ ≡ L2k+1(M ;S1)∗ be the L2k+1-
completion of
{u ∈ C∞(M,S1)|u(∗) = 1},
which acts on both D and L2k−1(M ;S
−⊕Λ2+⊗ iR). The action of the gauge
transformation u ∈ G∗ on the spinors are the complex multiplication, and
on a 1-form is given by
a→ a− 2u−1du.
It is trivial on self-dual 2-forms. The map SW is equivariant with respect
to G∗ actions, and hence the gauge group acts on the zero set
M˜ = {(A0 + a, ψ) ∈ D : SW (A0 + a, ψ) = 0}.
Moreover the quotient space B0 ≡ D/G∗ is Hausdorff.
The based Seiberg-Witten moduli space is given by the quotient space
M∗ = M˜/G∗.
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A connection A0 + a with a ∈ L2k(M ; Λ1 ⊗ iR) can be gauge-transformed so
that it satisfies Ker d∗(a) = 0. Such gauge transformation is unique, since
it is based. Then the slice map is given by the restriction
SW : L2k(M ;S
+)× (A0 + Ker d∗)→ L2k−1(M ;S− ⊕ ∧2+ ⊗ iR)
whose zero set is equal to the based moduli space
M0 = SW−1(0) ∩ {(A0 + Ker d∗)× L2k(M ;S+)}
equipped with natural S1 action.
The Seiberg-Witten moduli space is defined by
M(M,h) := M0/S1.
3.3. Perturbation. Let u ∈ C∞(M ; Λ+) be a smooth self-dual 2-form.
Then we have the perturbed Seiberg-Witten map
SWu : D→ L2k−1(M ;S− ⊕ Λ2+ ⊗ iR),
(A0 + a, ψ)→ (DA0+a(ψ), F+A0+a − σ(ψ)− iu).
Since the action is trivial on self-dual 2-forms, SWu is still equivariant with
respect to G∗ action. Hence, the gauge group acts on the zero set
M˜ = {(A0 + a, ψ) ∈ D : SWu(A0 + a, ψ) = 0}.
The based Seiberg-Witten moduli space is given by the quotient space
M∗((M,h), u) = M˜/G∗.
This space is compact. We denote
M((M,h), u) := M∗((M,h), u)/S1
as before.
Definition 3.1. The Seiberg-Witten invariant is defined by counting the
algebraic number of the oriented space
SW (X,L) := ] M((M,h), u) ∈ Z
for a generic choice of perturbation.
It is independent of choice of perturbation and Riemannian metric, hence,
is a smooth invariant.
4. Scalar curvature
Let M be a compact spin four-manifold, and h be a Riemannian metric
on M . Then take a solution (φ,A = ∇+ a) to the perturbed SW equation
by v+ with respect to (M,h).
Proposition 4.1. Suppose there is a compact subset K ⊂M such that the
scalar curvature κ on (M,h) is bounded from below as
κ ≥ −C.
(1) If non-negativity
κ|M\K ≥ 0
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holds on the complement of K, then there is a constant c > 0 determined by
v+, C and volK such that the uniform bound holds:
||φ||L4(M,h), ||da||L2(M,h) ≤ c.
(2) More strongly if uniform positivity
κ|M\K ≥ δ > 0
holds on the complement of K, then there is a constant c > 0 determined by
C, δ, v+ and volK such that the uniform bound
||φ||L2(M,h) ≤ c
holds, in addition to the estimates in (1).
Let X ⊂ M be an open subset. Then by restriction, one obtains the
estimates
||φ||L4(X,h), ||da||L2(X,h) ≤ c
and
||φ||L2(X,h) ≤ c
respectively.
Proof. One may assume that support of v+ lies on K, by replacing K with
K ∪ supp v+, if necessarily.
It follows from the Weitzenbo¨ck formula
D2A(φ) = ∇∗A∇A(φ) +
κ
4
φ+
FA
2
φ
that the equality
0 = ||∇A(φ)||2L2(M) +
∫
M
κ
4
|φ|2 vol +
∫
M
<
FA
2
φ, φ > vol
holds. From the defining equation, we have the equalities
< FAφ, φ > =< F
+
A φ, φ >
=< (F+A − σ(φ)− iv+) · φ+ (σ(φ) + iv+) · φ, φ >
=
|φ|4
2
+ < iv+ · φ, φ > .
Then, we have the estimate
0 ≥
∫
K
κ
4
|φ|2 vol +1
2
∫
K
< iv+ · φ, φ > +1
4
∫
K
|φ|4 vol
+
∫
M\K
κ
4
|φ|2 vol +1
4
∫
M\K
|φ|4 vol .
We have the estimate
|
∫
K
< iv+ · φ, φ > | ≤
√∫
K
|φ|4 · ||v+||L2(K) ≤ c
√∫
K
|φ|4.
Hence
−
∫
K
(κ+ |φ|2) |φ|
2
4
vol +c
√∫
K
|φ|4 ≥
∫
M\K
(κ+ |φ|2) |φ|
2
4
vol ≥ 0 (∗)
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By the assumption with (∗) above, we have the estimates
C
∫
K
|φ|2 vol ≥
∫
K
−κ
4
|φ|2 vol ≥ 1
4
∫
K
|φ|4 vol−c
√∫
K
|φ|4.
Note the estimate ∫
K
|φ|4 vol ≥ vol(K)−1(
∫
K
|φ|2 vol)2
by Cauchy-Schwartz. Then, for x2 = 14
∫
K |φ|4 vol,
x2 − cKx ≤ 0
holds for some cK > 0. Hence, we obtain the estimate
c2K ≥
1
4
∫
K
|φ|4 vol .
Combining these estimates, we obtain the estimate
cK
√
4 volK ≥
∫
K
|φ|2 vol .
Hence the left hand side of (∗) is bounded by some CK , and so we have
the bound
CK ≥
∫
M\K
(
κ
4
|φ|2 + |φ|4) vol .
Combining these estimates, we obtain the uniform bound∫
M
|φ|4 vol ≤ c′K
in the case of (1). For (2), we also obtain the uniform bound
∫
M |φ|2 vol ≤
c′K .
Now the uniform bound
||d+(a)||2L2(M) = ||F+A ||2L2(M) ≤ ||φ||4L4(M) + ||v+||2L2(K) ≤ C ′K
holds by the equality F+A = σ(φ) +
√−1v+. Consider the topological invari-
ant
0 = 4pi2c1(L)
2 =
∫
M
FA ∧ FA vol =
∫
M
|F+A |2 vol−
∫
M
|F−A |2 vol .
Thus the following bound also holds:
||d−(a)||2L2(M) =
∫
M
|F−A |2 vol =
∫
M
|F+A |2 vol ≤ C ′K .
Combining with the above, we obtain the bound ||da||L2(M) ≤ cK . q.e.d.
Remark 4.2. (1) We have not assumed that the solution is gauge fixed;
hence, we have freedom of choice of solutions in its gauge equivalent class.
(2) Later, we will apply Proposition 4.1 with a family of Riemannian
metrics hλ on M such that their restrictions hλ|U coincide with each other
on an open subset U ⊂ X ⊂M (see Lemma 5.1 later). Moreover, we choose
perturbation v+ by a self-dual 2-form that is smooth and supported inside
U (see Corollary 2.10). Then, we can take K = (M\U) ∪ supp v+.
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From an analytical perspective, we have the following Lemma in a uniform
case.
Lemma 4.3. [GL2] Suppose X is spin with a complete Riemannian metric
(X.g). If the scalar curvature κ is uniformly positive
κ|X\K ≥ δ > 0
on the complement of a compact subset K, then the Dirac operator D is
Fredholm.
In our non-uniform case, we cannot expect to obtain such a conclusion.
In fact, ultimately, we will not use Fredholm theory over a non compact
manifold. Our use of positivity is to guarantee vanishing of an L4 spinor
section on a complete Riemannian four-manifold (Lemma 5.3 later).
5. Convergent process
5.1. Preparation. Let M be a compact oriented smooth four-manifold,
and X ⊂ M be an open subset equipped with a complete Riemannian
metric g on X. Choose exhaustion
K0 b K1 b · · · b Ki+1 b · · · b X
by compact subsets.
We will later assume that X is simply connected and simply connected at
infinity. Note that the inclusion Ii : Ki ⊂ Ki+1 induces null homomorphism
on the fundamental groups
(Ii)∗ = 0 : pi1(Ki)→ pi1(Ki+1).
This property is used when we apply Corollary 7.10 below.
Lemma 5.1. Suppose g is quasi-cylindrical with respect to the exhaustion
above. Then there is a family of Riemannian metrics hλ on M so that
(1) hi|Ki ≡ g|Ki,
(2) vol (M\Ki, hi) ≤ c is uniformly bounded, and
(3) hi is a family of Riemannian metrics on M such that their scalar
curvatures are uniformly bounded from below κhi ≥ −C.
Remark 5.2. Note that if g has positive scalar curvature, then it is uniformly
positive, if g is cylindrical, or more generally end-periodic. However, this
property does not hold for the quasi-cylindrical case in general.
Proof. Recall the notations in Definition 1.1. We can identify M with
(M\K0) ∪ Ki
through the isometries
Ψi := φ0 ◦ · · · ◦ φi−1 : N(∂K0) ∼= N(∂Ki).
Then, we define
hi(x) :=
{
g(x) x ∈ Ki,
h0(x) x ∈M\K0.
q.e.d.
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5.2. Positivity of scalar curvature. Suppose X is spin with a complete
Riemannian metric (X.g), and let ∇ be the spin connection with the Dirac
operator D.
Lemma 5.3. Let (X, g) be a quasi-cylindrical manifold and assume that the
scalar curvature is (not neccesarily uniformly) positive κ > 0.
Let (A, φ) be a solution to the perturbed SW equation by a self-dual 2-form
u ∈ Ω+c (K0) with sufficiently small L∞ norm ||u||L∞ << 1.
Then φ is actually zero, if φ ∈ L4((X, g);S+) ∩ (L21)loc.
Proof. This is well known if φ ∈ L21((X, g);S+).
Let us use the same notations as above. Since each N(∂Ki) is isometric
to N(∂K0), for any δ > 0, there is some i0 such that
||φ||L4(N(∂Ki)) < δ
holds for any i ≥ i0. By Cauchy-Schwartz, the estimates hold:
||φ||L2(N(∂Ki)) ≤ Vol(N(∂Ki))
1
4 ||φ||L4(N(∂Ki)) < Vol(N(∂Ki))
1
4 δ.
Let χ ∈ C∞c (K0) be a cut-off function which vanishes near the boundary.
Then, we define χi ∈ C∞c (X) by
χi(x) =

0 x ∈ X\Ki,
(Ψ−1i )
∗(χ)(x) x ∈ N(Ki),
1 x ∈ Ki\N(Ki).
Since DA(φ) = 0, we have the equality
DA(χiφ) = dχi · φ+ χiDA(φ) = dχi · φ.
Hence
||DA(χiφ)||L2(X) ≤ C||φ||L2(N(Ki)) → 0
holds as i→∞. Then, it follows from Weitzenbo¨ck formula that the follow-
ing equality holds:
||DA(χiφ)||2L2(X) =< D2A(χiφ), χiφ >
=< ∇∗∇(χiφ), χiφ > +κ
4
< χiφ, χiφ > +
∫
X
χ2i |φ|4
4
+ < u · χiφ, χiφ >
= ||∇(χiφ)||2L2(X) +
∫
X
κ
4
|χiφ|2 +
∫
X
χ2i |φ|4
4
+ < u · χiφ, χiφ >
≥ ||∇(χiφ)||2L2(X) +
∫
X
κ
4
|χiφ|2 +
∫
X
χ2i |φ|4
4
− ||u||L∞ ||χiφ||2L2(K0)
≥ ||∇(χiφ)||2L2(X) +
∫
X\K0
κ
4
|χiφ|2 +
∫
X
χ2i |φ|4
4
+ (κ0 − ||u||L∞)||χiφ||2L2(K0)
where κ0 := infx∈K0 κ(x) > 0. By the assumption, one may assume
inf
K0
κ ≥ ||u||L∞ .
Hence, this implies the equality φ ≡ 0, since the left-hand side converges to
zero as i→∞, and the limit-inf of the right-hand side is at least 14 ||φ||4L4(X).
q.e.d.
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5.3. Proof of Theorem 1.3. Let us give a proof of the remainder of The-
orem 1.3.
Step 1: Let M be a K3 surface and denote X ′ := 3(S2 × S2)\pt.
Lemma 5.4. Let M be as above. Then there exists an open subset X ⊂M
such that X is homeomorphic to X ′, but is never diffeomorphic to the latter
manifold with respect to the induced smooth structure by the embedding X ⊂
M .
Proof. Actually there is a topological decomposition M ∼= 2| − E8|]3(S2 ×
S2), and X is obtained as an open subset of the complement of 2| − E8|
term. See [FU], [DK]. q.e.d.
The required properties have been given for X ′ in the Introduction. We
now focus on X.
The following is known (see [M]).
Lemma 5.5. The Seiberg-Witten invariant is non zero over M with respect
to the spin structure.
We shall induce a contradiction, assuming that the above X admits a
complete Riemannian metric which satisfies the conditions (∗) in Theorem
1.3.
Step 2: Let (X, g) be a quasi-cylindrical Riemannian four-manifold whose
scalar curvature is positive, and let us take any non zero L2 harmonic self-
dual 2-form u on (X, g), which is exact at infinity. Let v+ ∈ Ω+c (K0) be the
self-dual 2-form in Corollary 2.10.
Take a family of metrics hi on M as in Lemma 5.1. The (perturbed)
SW invariant is invariant for any choice of generic Riemannian metric and
perturbation. Hence, there is a solution to any metric hi and perturbation
by Lemma 5.5. Let (Ai = ∇ + iai, φi) be a solution to the perturbed SW
equation by v+ with respect to (M,hi). It obeys the equation
id+ai − σ(φi) =
√−1v+.
Step 3: It follows from Proposition 4.1 (1) and Lemma 5.1 that there is
a constant C such that the uniform bounds
||φi||L4(Ki), ||dai||L2(Ki) ≤ C
hold.
Let us fix i0. It follows from Corollary 7.10 (in the Appendix) with
Remark 4.2 that after gauge transform, the estimates
||ai||L2(Ki0 ) ≤ Ci0 ||dai||L2(Ki0+1) ≤ C
′
i0
hold for some constants Ci0 and C
′
i0
, and i ≥ i0 + 1. Moreover one may
assume the gauge-fixing
d∗(ai) = 0.
Hence we obtain the L21 bound
||ai||L21(Ki0 ) ≤ C
′′
i0
by the elliptic estimate.
L2 HARMONIC THEORY, SEIBERG-WITTEN THEORY AND ASYMPTOTICS OF DIFFERENTIAL FORMS21
Step 4: Since (Ai, φi) is a solution to the perturbed SW equation, the
equality
0 = DAi(φi) = D(φi) + ai · φi
holds. Thus, we obtain the estimates
||D(φi)||L2(Ki0 ) ≤ ||ai · φi||L2(Ki0 ) ≤ ||ai||L4(Ki0 )||φi||L4(Ki0 )
≤ Ci0 ||ai||L21(Ki0 )||φi||L4(Ki0 ) ≤ C
′
i0
using the Sobolev embedding (L21)loc ↪→ L4loc.
Again by the elliptic estimate, we obtain the uniform bound
||φi||L21(Ki0 ) ≤ Ci0 .
Step 5: Recall the Weitzenbo¨ck formula
D∗AiDAi = ∇∗Ai∇Ai +
1
4
κi +
1
2
FAi .
It follows from the defining equation of the perturbed SW that we have the
equality
||∇Aiφi||2L2(M)+ < (
1
4
κi +
√−1
2
v+)φi, φi >L2(M) +
1
4
||φi||4L4(M) = 0.
Note that the volumes (M,hi) may increase as i→∞.
Let us put K := M\K0 ∪ supp v+. Since the scalar curvature satisfies
the lower bound
−κi(x) ≤
{
C x ∈M\K0,
0 x ∈ Ki
and v+ is smooth and compactly supported inside K0, there is a constant
C such that the estimates
||∇Aiφi||2L2(M) ≤ C||φi||2L2(K) −
1
4
||φi||4L4(M) ≤ C||φi||2L2(K)
≤
√
Vol K · ||φi||2L4(K) ≤ C
hold. Then we have the bounds
||∇φi||L2(Ki0 ) ≤ ||∇Aiφi||L2(Ki0 ) + ||ai · φ||L2(Ki0 )
≤ ||∇Aiφi||L2(M) + ||ai||L4(Ki0 )||φ||L4(Ki0 )
≤ ||∇Aiφi||L2(M) + ||ai||L21(Ki0 )||φ||L21(Ki0 ) ≤ C
′
i0 .
It is well known that the perturbed SW solution admits L∞ bound
||φi||L∞(M) ≤ sup
m∈M
max(0,−κi(m) + ||v+||L∞) ≤ C
(see [M] page 77, proof of Corollary 5.2.2). Since F+Ai = φi⊗φ∗i − 12 |φi|2 id+√−1v+· holds, the equality
∇F+Ai = ∇(φi)⊗ φ∗i + φi ⊗∇(φ∗i )− < ∇(φi), φi > id +
√−1∇v+·
holds. Hence we have the estimates
||∇F+Ai ||L2(Ki0 ) ≤ C||φi||L∞(M)||∇(φi)||L2(Ki0 ) + ||∇v
+||L2(K0) ≤ C ′i0 .
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Then it follows from Step 3 with the elliptic estimate that the bound
||ai||L22(Ki0 ) ≤ Ci0
holds, since F+Ai =
√−1d+ai and d∗ai = 0 holds by Step 3.
In summary, we have the estimates as below{ ||ai||L22(Ki0 ) ≤ Ci0 , ||dai||L2(Ki) ≤ C,
||φi||2L21(Ki0 ) ≤ Ci0 , ||φi||L4(Ki) ≤ C.
Step 6: By Steps 3 and 4 with local compactness of the Sobolev em-
bedding, we can choose a subsequence of spinors so that they converge to
φ ∈ L4((X, g);S+) on each compact subset. Moreover, the subsequence is
locally in L21.
By Steps 3 and 5 with local compactness of the Sobolev embedding,
we can choose a subsequence of 1-forms so that they converge to a ∈
(L21)loc((X, g); Λ
1) on each compact subset. Moreover da is in L2((X, g); Λ2).
Since (d + a, φ) is a solution to the perturbed SW equation by v+ with
respect to (X, g), we conclude φ ≡ 0 by Lemma 5.3.
Hence, a subsequence {d+ai}i should converge to v+ in L2 on each com-
pact subset. However, this contradicts to Corollary 2.10, completing the
proof of Theorem 1.3.
6. Functional spaces
Let (X, g) be a complete Riemannian spin 4-manifold which is simply con-
nected and simply connected at infinity. Let us take exhaustion by compact
subsets K0 b K1 b · · · b · · · b X. We also fix a family of constants
1 ≤ C0 ≤ C1 ≤ · · · ≤ Ci0 ≤ · · · → ∞.
Note that we do not assume ‘bounded-geometry’, and hence we need care
when we introduce Sobolev spaces. We use the Levi-Civita connection and
the spin connection to equip with the Sobolev spaces. Hence we may assume
that the estimate
||∇φ||L2(Ki) ≤ Ci||φ||L21(Ki)
holds where ∇ is the spin connection.
Remark 6.1. Later when we consider a case of a quasi-cylindrical 4-manifold
with positive scalar curvature, we will choose the associated exhaustion and
constants which have appeared at (∗) in Step 5 of the proof of Lemma 5.5.
We will choose these constants so that:
(1) vol(Ki) ≤ C2i holds, and
(2) the Poincare´ inequality
||f − cf ||L2(Ki) ≤ Ci||df ||L2(Ki)
holds, where
cf :=
1
vol(Ki)
∫
Ki
f vol .
See Corollary 7.9. Note that H0N (X0) consists of constant functions.
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Definition 6.2. Let us introduce the following function spaces.
(1) D1 and D0 on spinors are given by completion of compactly supported
smooth sections by the norms
||φ||2D1 := ||φ||2L4(X) +
∞∑
i=0
1
2iC2i
||φ||2L21(Ki),
||φ||2D0 :=
∞∑
i=0
1
2iC2i
||φ||2L2(Ki).
(2) L1 on one forms are given by completion of compactly supported
smooth sections by the norm
||a||2L1 := ||da||2L2(X) +
∞∑
i=0
1
2iC2i
||a||2L4(Ki).
Proposition 6.3. The SW map
SW : D1(X)× L1(X)→ D0(X)× L2(X; iΛ+)
given by
(a, φ)→ (D∇+a(φ), F+A0+a − σ(φ))
is continuous.
Proof. Note the estimates
||σ(φ)||L2(X) ≤ ||φ||2L4(X) ≤ ||φ||2D1 ,
||∇φ||L2(Ki) ≤ Ci||φ||L21(Ki).
The only thing to be checked is continuity of the Clifford multiplication
L1(X)×D+1 (X)→ D−(X)
given by the Clifford multiplication (a, φ)→ a · φ. By Cauchy-Schwartz, we
obtain the estimates
1
Ci
||a · φ||L2(Ki) ≤
1
Ci
||a||L4(Ki)||φ||L4(Ki) ≤
1
Ci
||a||L4(Ki)||φ||L4(X).
This implies continuity of the multiplication
||a · φ||D0 ≤ ||a||L1 ||φ||D1 .
q.e.d.
Let us recall subsection 5.3. Assume that a complete Riemannian mani-
fold (X, g) satisfies the following conditions:
• It is quasi-cylindrical, and
• it has positive scalar curvature except a compact subset.
Then still the estimates (∗) in Step 5 above holds. Hence, we obtain the
following property. Let (Ai = ∇ + iai, φi) be the family of twisted SW
solutions under the metric deformation as in subsection 5.3.
Corollary 6.4. A subsequence of {(Ai, φi)}i converges to a solution (∇ +
ia, φ) to the perturbed SW equation in Proposition 6.3 with
(φ, a) ∈ D1(X)× L1(X).
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6.1. Gauge group. Let us introduce Gauge group in this functional ana-
lytic setting.
Definition 6.5. L2(X) is given by completion of compactly supported smooth
functions with the norm
||f ||2L2 :=
∞∑
i=0
1
2iC2i
||df ||2L4(Ki) +
∞∑
i=0
1
2iC6i
||f ||2L2(Ki).
The U(1) gauge group is defined by
G(X) := exp(
√−1L2(X)).
Remark 6.6. (1) G(X) is a group and its multiplication is continuous, since
the structure group is abelian.
(2) Since d2f = 0 holds, the differential
d : L2(X)→ L1(X)
is continuous.
Lemma 6.7. The gauge group acts continuously
G(X)×D1(X)→ D1(X)
on spinors given by
(exp(if), φ)→ exp(if) · φ
Proof. Consider the equality
∇(exp(if) · φ) = idf ⊗ exp(if) · φ+ exp(if) · ∇(φ).
Then we have the estimates
1
C2i
||df ⊗ exp(if)φ||2L2(Ki) ≤
1
C2i
||df ||2L4(Ki)|| exp(if)φ||2L4(Ki)
≤ 1
C2i
||df ||2L4(Ki)||φ||2L4(X).
This implies that exp(if)φ ∈ D1(X). q.e.d.
6.2. AHS index estimate. Consider the AHS bounded complex
0 −→ L2(X) d−→ L1(X) d
+−→ L2(X; Λ+) −→ 0.
We will see below that size of the cohomology groups of this complex is
somehow controlled by L2 harmonic 2-forms. Note H0 = R (constant func-
tions).
Corollary 6.8. Suppose a non zero L2 harmonic self dual 2 form u ∈
H+(X;R) exists, which is L2 exact at infinity. Then
d+ : L1(X)→ L2(X; Λ+)
has non trivial reduced co-kernel.
In particular the inequality holds:
red-codim d+(L21(X; Λ
1)) ≥ red-codim d+(L1(X)) > 0.
Proof. It follows from proposition 2.9 that u does not lie in the closure of
the image of d+. q.e.d.
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Let us consider the first cohomology group. Recall that we have assumed
that X is simply connected.
Lemma 6.9. For any a ∈ L1(X) with da = 0, there is some f ∈ L2(X)
such that the equality holds:
df = a.
Proof. Since H1dR(X;R) = 0 holds, there is some g ∈ L21(X)loc with a = dg.
Let us consider restrictions gi := g|Ki ∈ L21(Ki). It follows from the Poincare´
inequality that there are constants cgi ∈ R such that hi = gi − cgi ∈ L21(Ki)
satisfy the estimates
Ci||a||L2(Ki) = Ci||dhi||L2(Ki) ≥ ||hi||L2(Ki).
Hence {hi|Ki0}i≥i0 consist of a uniformly bounded family for each i0.
Then by the diagonal method, hi weakly converge to some f ∈ L21(X)loc
with df = a so that the estimate
||f ||L2(Ki0 ) ≤ lim supi ||hi||L2(Ki0 ) ≤ Ci0 ||a||L2(Ki0 )
holds for each i0. Since we can assume the estimate vol(Ki) ≤ C2i (see below
Remark 6.1), it follows by the Cauchy-Schwartz estimate that we have the
bounds
||f ||L2(Ki0 ) ≤ C
2
i0 ||a||L4(Ki).
Then we have the estimate on the sums:
∞∑
i=0
1
2iC6i
||f ||2L2(Ki) ≤
∞∑
i=0
1
2iC2i
||a||2L4(Ki).
This implies f ∈ L2(X). q.e.d.
Corollary 6.10. There is an injection
m : H1(L∗(X)) ↪→ H−(X)
where the right hand side is the space of anti-self-dual L2 harmonic two
forms, and the left hand side is the first cohomology group of the AHS com-
plex of L∗(X).
In particular H1(L∗(X)) = 0 holds when H−(X) = 0.
Proof. Take an element [a] ∈ H1(L∗(X)) with d+(a) = 0. Then d ∗ da = 0
holds since 2d+(a) = (d+ ∗d)(a) = 0 holds. Hence da is an anti-self-dual L2
harmonic two form
m([a]) := da ∈ H−(X).
If da = 0 holds, then a = df for some f ∈ L2(X) by lemma 6.9, which
represents zero in H1(L∗(X)). q.e.d.
6.3. Compact perturbation. Let (φ0, a0) ∈ D+1 (X)×L1(X) be a solution
to the SW equation
SW (φ0,∇+ ia0) = 0.
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Lemma 6.11. The linear map
φ0⊗ : D+1 (X)→ L2(X; EndS+)
given by
φ→ φ0 ⊗ φ∗
is compact.
Proof. Step 1: For any  > 0, there is i0 with ||φ0||L4(Kci0 ) < , since
φ0 ∈ L4(X;S+). Then the estimates hold:
||φ0 ⊗ φ∗||L2(Kci0 ) ≤ ||φ0||L4(Kci0 )||φ||L4(Kci0 ) < ||φ||L4(Kci0 ) ≤ ||φ||L4(X).
Step 2: We claim φ0 ⊗ φ∗ ∈ (L21)loc(X; EndS+). Recall the bound
||a0||L22(Ki0 ) ≤ Ci0 (see (∗) in Step 5 of the proof of Lemma 5.5). It fol-
lows from the equality D(φ0) = −a0 · φ0 ∈ (L21)loc with the local Sobolev
multiplication
(L22)loc × (L21)loc → (L21)loc
that φ0 ∈ (L22)loc holds. Then the claim follows by applying the Sobolev
multiplication again. Hence the map φ0⊗ is locally compact.
Step 3: Let us take a bounded sequence {ψi}i with ||ψi||D1(X) ≤ c. For
any  > 0, there is i0 such that for any i ≥ i0 and j, the estimates hold:
||φ0 ⊗ ψ∗j ||L2(Kci ) ≤ ||φ0||L4(Kci )||ψ
∗
j ||L4(Kci ) < .
By the diagonal method, after choosing subsequence, one finds an element
w ∈ L2(X; EndS+) such that (1) ||w − φ0 ⊗ ψ∗i ||L2(Ki) < i−1 and (2) ||w −
φ0 ⊗ ψ∗i ||L2(Kci ) < i−1 hold. hence we have the estimate
||w − φ0 ⊗ ψ∗i ||L2(X) < 2i−1.
This implies that the map φ0⊗ is compact. q.e.d.
Similarly, φ→ φ⊗ φ∗0 is also compact.
Lemma 6.12. Let (φ0, a0) be as above. Then the following maps
ker d∗ ∩ L1(X)→ D−0 (X), b→ b · φ0,
D+1 (X)→ D−0 (X), φ→ a0 · φ
are both compact.
Proof. Step 1: Let us consider the latter. We have the estimate
1
Ci
||a0 · φ||L2(Ki) ≤
1
Ci
||a0||L4(Ki)||φ||L4(Ki).
Then for any  > 0, there is i0 so that the estimates hold:∑
i≥i0+1
1
2iC2i
||a0·φ||2L2(Ki) ≤
∑
i≥i0+1
1
2iC2i
||a0||2L4(Ki)||φ||2L4(Ki)
≤
∑
i≥i0+1
1
2iC2i
||a0||2L4(Ki)||φ||2L4(X) < ||φ||2L4(X).
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Take a bounded set {φl}l in D+1 (X). Since a0 ∈ (L22)loc and the Sobolev
multiplication (L22)loc× (L21)loc → (L21)loc holds, a0 ·φl admits a subsequence
which converge to w in L2loc with∑
i≥0
1
2iC2i
||w||2L2(Ki) <∞.
In particular we obtain convergence∑
i≤i0
1
2iC2i
||w − a0 · φl||2L2(Ki) → 0.
Combining these things with the diagonal method, one can choose another
subsequence so that a0 · φl converge to w in D−0 (X).
Step 2: Next consider the former. Notice that an element b ∈ ker d∗ ∩
L1(X) is in (L21)loc by the elliptic estimate.
It follows from the equality D(φ0) = −a0 · φ0 with the Sobolev multipli-
cation above that φ0 ∈ (L22)loc holds.
For any  > 0, there is i0 so that the estimate ||φ0||L4(Kci0 ) <  holds.
Hence, we have the estimates∑
i≥i0+1
1
2iC2i
||b · φ0||2L2(Kci0∩Ki) ≤
∑
i≥i0+1
1
2iC2i
||b||2L4(Kci0∩Ki)||φ0||
2
L4(Kci0
∩Ki)
<  ·
∑
i≥i0+1
1
2iC2i
||b||2L4(Kci0∩Ki).
Take a bounded set {bl}l in L1(X). Then by the Sobolev multiplication
above, bl · φ0 ∈ (L21)loc holds, and a subsequence converge in L2loc to w with∑
i≥0
1
2iC2i
||w||2L2(Ki) <∞.
Then we have the estimates∑
i≥0
1
2iC2i
||w − bl · φ0||2L2(Ki) =∑
i≤i0
1
2iC2i
||w − bl · φ0||2L2(Ki) +
∑
i≥i0+1
1
2iC2i
||w − bl · φ0||2L2(Ki)
≤
∑
i≥0
1
2iC2i
||w − bl · φ0||2L2(Ki0 ) +
∑
i≥i0+1
1
2iC2i
||w − bl · φ0||2L2(Kci0∩Ki)
≤ 2||bl · φ0||2L2(Ki0 )+∑
i≥i0+1
2
2iC2i
||w||2L2(Kci0∩Ki) +
∑
i≥i0+1
2
2iC2i
||bl · φ0||2L2(Kci0∩Ki)
where the right hand side can be arbitrarily small. Note that we have chosen
these constants Ci ≥ 1 for any i ≥ 0. This verifies that the former map is
also compact. q.e.d.
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7. Appendix: Hodge theory on manifolds with boundary
Hodge theory has been extensively developed on manifolds with boundary. We
refer [S] for its basic theory. We also review some of basic facts from it. See also
[W].
Let X0 be a compact Riemannian manifold with boundary so that a neighbour-
hood of the boundary N(∂X0) is diffeomorphic to ∂X0 × [0, ). At a boundary
point x ∈ ∂X0, the unit-normal direction nx is uniquely determined as the outward
vector which is orthogonal to all the tangent vectors on ∂X0 at x.
Let X be a vector field defined on a neighbourhood of boundary. Then denote
the vector field on the boundary ∂X0 by X
t as the orthogonal complement to the
normal vector field n.
For a k-form ω ∈ Ωk(X0), let us denote the induced k-forms on the boundary by
tω(X1, . . . , Xk) := ω(X
t
1, . . . , X
t
k),
nω := ω|∂X0 − tω.
There are basic relations
t∗ = ∗n, ∗t = n∗, t ◦ d = d ◦ t, n ◦ d∗ = d∗ ◦ n.
Let L2l (X0; Λ
k) be the Sobolev l-space. Then we denoteH1Ωk(X0) := L
2
1(X0; Λ
k)
and
H1ΩkD(X0) := { ω ∈ L21(X0; Λk); tω = 0 }.
Let d∗ := (−1)mk+m+1 ∗ d∗ be the formal-adjoint operator, and set
Hk(X0) := { λ ∈ H1Ωk(X0); dλ = d∗λ = 0 }
where m = dimX0. We also denote
HkD(X0) := Hk(X0) ∩H1ΩkD(X0).
Definition 7.1. The Dirichlet integral
D : H1Ωk(X0)×H1Ωk(X0)→ R
is defined by
D(ω, η) =< dω, dη >L2 + < d∗ω, d∗η >L2 .
Let HkD(X0)⊥ ⊂ L2(X0; Λk) be the orthogonal complement, and set
HkD(X0)uprise := HkD(X0)⊥ ∩H1ΩkD(X0).
Then, HkD(X0)uprise ⊂ H1ΩkD(X0) is a closed linear subspace.
Recall the Green’s formula
< dω, η >L2=< ω, d
∗η >L2 +
∫
∂X0
tω ∧ ∗nη
where ω ∈ L21(X0; Λk−1) and η ∈ L21(X0; Λk). Note that we can also define tω ∈
L2(∂X0; Λ
k−1) by this formula.
The following two results are the key to our analysis. See [S] for their proofs
(page 69, Proposition 2.2.3 and page 71, Theorem 2.2.5).
Lemma 7.2. The Dirichlet integral is equivalent to the H1 norm on HkD(X0)uprise so
that therte is a constant c, c′ > 0 such that the uniform estimates hold:
c′||ω||2H1 ≤ D(ω, ω) ≤ c||ω||2H1 .
Theorem 7.3. For each η ∈ HkD(X0)⊥, there is a unique form
φD ∈ HkD(X0)uprise ∩ L22(X0; Λk)
such that the following equality holds:
η = d∗dφD + dd∗φD.
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Actually φD is a strong solution to the equation{
∆φD = η on X0,
tφD = 0, td
∗φD = 0 on ∂X0.
Lemma 7.4. Suppose η ∈ HkD(X0)uprise. Then the lower bound
||dd∗dφD||L2 ≥ c||d∗dφD||L2
holds for some c > 0.
Proof. Let us denote η1 := d
∗dφD and η2 := dd∗φD. We claim that η1 lies in
HkD(X0)uprise. Let us check tη1 = 0. By definition tη = 0 holds, and tη2 = tdd∗φD =
dtd∗φD = 0. Therefore, tη1 = 0 holds. Next, take a harmonic form u ∈ HkD(X0).
It follows from the Green’s formula that the equalities
< u, d∗dφD >L2=< du, dφD >L2= 0
hold. η1 = d
∗dφD and hence the equality
D(η1, η1) = ||dη1||2L2
holds. Then apply Lemma 7.2 to and obtain the bound
||dη1||2L2 ≥ c′||η1||2H1 ≥ c′||η1||2L2 .
q.e.d.
Corollary 7.5. Let η ∈ H1ΩkD(X0). Then there is a harmonic form u ∈ HkD(X0)
and an exact form dµ ∈ H1ΩkD(X0) such that
ω := η − u− dµ ∈ H1ΩkD(X0)
satisfying the lower bound
||dω||L2 ≥ c||ω||L2
holds for some c > 0.
7.1. Dirichlet to Neumann conditions. Denote
H1ΩkN (X0) := { ω ∈ L21(X0; Λk); nω = 0 }
and HkN (X0) := Hk(X0) ∩H1ΩkN (X0).
Lemma 7.6. The Dirichlet integral is equivalent to the H1 norm on HkN (X0)uprise so
that therte is a constant c, c′ > 0 such that the uniform estimates hold:
c′||ω||2H1 ≤ D(ω, ω) ≤ c||ω||2H1 .
Proof. It is easy to check that the Hodge ∗ gives an isomorphism
HkD(X0) ∼= Hm−kN (X0)
where m = dimX0. Thus, ∗ω ∈ Hm−kD (X0)uprise holds when ω ∈ HkN (X0)uprise. Then
apply lemma 7.2 so that the bounds
c′|| ∗ ω||2H1 ≤ D(∗ω, ∗ω) ≤ c|| ∗ ω||2H1
hold. Then the conclusion holds, by observing the equalities
< d ∗ ω, d ∗ ω >L2=< d∗ω, d∗ω >L2 , < d∗ ∗ ω, d∗ ∗ ω >L2=< dω, dω >L2
with equivalence c′|| ∗ ω||2H1 ≤ ||ω||2H1 ≤ c|| ∗ ω||2H1 for some c′, c > 0 that is
determined only by ∗. q.e.d.
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Corollary 7.7. For each η ∈ HkN (X0)⊥, there is a unique form φN ∈ HkN (X0)uprise ∩
L22(X0; Λ
k) such that the equality
η = ±d∗dφN ± dd∗φN
holds. Actually φN is a strong solution to the equation{
(±d∗d± dd∗)φN = η on X0,
nφN = 0, ndφN = 0 on ∂X0.
Proof. Note that ∗η ∈ Hm−kD (X0)⊥ holds if η ∈ HkN (X0)⊥. Then apply Theorem
7.3 to ∗η so that there is a unique form φD ∈ Hm−kD (X0)uprise ∩ L22(X0; Λm−k) with
∗η = d∗dφD + dd∗φD.
Setting φN := ∗φD gives a strong solution to the equation{
(±d∗d± dd∗)φN = η on X0,
nφN = 0, ndφN = 0 on ∂X0.
q.e.d.
Compare the condition in the following proposition with lemma 7.4:
Proposition 7.8. Suppose η ∈ HkN (X0)⊥. Then the lower bound
||dd∗dφN ||L2 ≥ c||d∗dφN ||L2
holds for some c > 0.
Proof. Consider η1 := d
∗dφN . Let us check η1 ∈ HkN (X0)uprise. nη1 = 0 holds, since
nη1 = nd
∗dφN = d∗ndφN = 0.
Take a harmonic form u ∈ HkN (X0). As ndφN = 0 on ∂X0, it follows from the
Green’s formula that the following equalities hold:
< u, d∗dφN >L2=< du, dφN >L2= 0.
Then apply Lemma 7.6 to and obtain the bound:
D(η1, η1) ≥ c′||η1||2L2 .
By contrast, η1 = d
∗dφD and hence the equality D(η1, η1) = ||dη1||2L2 holds. There-
fore, we obtain the desired estimate
||dη1||2L2 ≥ c′||η1||2H1 ≥ c′||η1||2L2 .
q.e.d.
Corollary 7.9. Let η ∈ H1Ωk(X0). Then there is a harmonic form u ∈ HkN (X0)
and an exact form dµ ∈ H1Ωk(X0) such that
ω := η − u− dµ ∈ H1ΩkN (X0)
satisfies the lower bound
||dω||L2(X0) ≥ c||ω||L2(X0)
with d∗(ω) = 0.
Proof. HkN (X0) is finite-dimensional (see [S] page 68, Theorem 2.2.2, and use the
isomorphism ∗ : HkN (X0) ∼= Hn−kD (X0) with n = dimX0). In particular the embed-
ding HkN (X0) ⊂ L2(X0; Λk) is closed. Then let u be the orthogonal projection of η
to HkN (X0), and apply Corollary 7.7 and Proposition 7.8 to η − u. q.e.d.
Later we need the following special case. Let Y0 ⊂ X0 be an embedding of
compact submanifold with boundary that satisfies ∂Y0 ∩ ∂X0 = φ.
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Corollary 7.10. Suppose the natural map pi1(Y0)→ pi1(X0) is zero.
Let η ∈ H1Ω1(X0). Then there is an exact form dµ′ ∈ H1Ω1(Y0) such that
ω := η − dµ′ ∈ H1Ω1(Y0)
satisfies the lower bound
||dω||L2(X0) ≥ c||ω||L2(Y0)
with d∗(ω) = 0.
Proof. It follows from corollary 7.9 that
ω′ := η − u− dµ
admits the estimates:
||dω||L2(X0) ≥ ||ω||L2(X0) ≥ ||ω||L2(Y0).
However u = df on Y0 by the condition. Thus, we set
µ′ = f + µ
on Y . q.e.d.
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